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Equations (5) are solved for z by taking a Laplace trans-
form over ¢ with zero initial conditions. The transform vari-
able and the transform of x are denoted by s and &, respec-
tively. Then the transformed solution for the rigid cylinder
response Is

T = —bbo(s® + by)p(s)/s2(s* + bas? — by) (7a)
where
G5 K% — 8) — bG (871 — 8ir2)
T 2aryphb’ ' ohb25,
by = [2K + bG (o1 + 72) — (phb*Gd:/ay)]/phb? (Tc)
by = (G/a*yp*h?b®) {2phbK 85 + phb*G183(01 + 75) —
0103 — 8o73] + a*y[K(rs — o3) — bG(avrs — aer)]}  (7d)
The time dependence of the load is taken as
p(t) = PH(t) ®

where P is the magnitude of the pressure and H(f) is the
Heaviside unit function. A Laplace transform of Eg. (8)
is taken, and the result is substituted into Eq. (7a). Then
Eq. (7a) is inverted by standard techniques and the rigid
cylinder response z is twice differentiated with respect to
time to give the acceleration

—bboP |:(m2 + by

- (m? — n?) mn?

(7b)
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where =m, =n are the roots of s* + bs? — b; = 0.

Results

The applied pressure time dependence is assumed to be a
rectangular pulse of duration ¢;. For this loading, the rigid
cylinder acceleration & is easily obtained from Eq. (9) by the
principal of superposition. The dimensionless variables
X = &/&rp and T = ct/b are introduced, where

Ers = bP/2(a*y + 2phb), ¢ = [E/p(1 — vH)]Y2 (10)

&gp is the acceleration of the system of Fig. 1 if it were con-
sidered to be a rigid body. Curves of X vs 7' are presented
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in Fig. 2 for » = 0.10, ». = 0.25, v/p = 0.50, a/b = 0.25,
b/h = 40, Ta = 0.07, and E/E, = 0.01, 0.005, 0.001. Figure
2 quantitatively demonstrates the reduction of the rigid
cylinder acceleration X with decreasing core Young’s modulus

E.
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Errors in Freestream Reynolds Number

of Helium Wind Tunnels

CuaRLES G. MiLLER® AND DAL V. MADDALONT
NASA Langley Research Center, Hampton, Va.

Nomenelature
A*/A = ratio of effective throat-to-nozzle cross-sectional area
Cg., = correction factor for freestream Reynolds number
M = Mach number
p = pressure, atm
q = dynamic pressure, atm
Re = unit Reynolds number, ft~*
T = temperature, °K
W = coefficient of viscosity, g/cm-sec
Subscripts
t1 = reservoir stagnation conditions
t,2 = stagnation conditions behind normal shock
© = freestream conditions

Introduction

OR nearly two decades, hypersonic fluid dynamic studies

have been performed in wind tunnels employing helium
as the flow medium. One of the primary reasons for using
helium is that it liquifies at a very low temperature; hence,
high Mach numbers can be generated in a wind tunnel with-
out preheating the helium prior to expansion. Conventional-
type wind tunnels employing helium at ambient supply tem-
perature have operated at Mach numbers of approximately
10-26. For this Mach-number range, the corresponding
freestream static temperature range is about 9°-1.5°K.
Recently, Mach numbers of 30-70 were generated in the
Langley hotshot tunnel, using helium as the test gas, in
which calculated freestream static temperatures ranged from
approximately 0.8°-12°K (Ref. 1). Heretofore, it has been
common practice to use the empirical expression for viscosity
of Keesom? in determining the freestream Reynolds num-~
ber at these low temperature conditions (for example,
see Refs. 3-5). However, a recent survey by one of the
authors® revealed that usage of Keesom’s expression for
viscosity at these temperatures resuits in freestream Reyn-
olds number errors up to 65%. The purpose of this Note is

Received December 29, 1969; revision received February 5,
1970.

* Aerospace Engineer, Hypervelocity Physics Section, Aero-
Physics Division. Member ATAA.

T Aerospace Engineer, Flow Analysis Section, Aero-Physics
Division.



MAY 1970

to: 1) bring this matter to the attention of those associated
with helium wind tunnels as well as those using helium data
involving freestream Reynolds number, 2) present more
accurate expressions for helium viscosity at temperatures
down to 0.2°K, 3) provide correction factors that can be
applied readily to existing freestream Reynolds numbers
calculated using Keesom’s expression for viscosity, and, for
convenience, 4) present simple expressions for determining
freestream flow parameters, which account for real-helium
(compressibility) effects, in terms of commonly measured
flow quantities.

Helium Viscosity at Low Temperatures

At the time Keesom formulated an empirical expression for
viscosity, only a single experimental data point was available
at temperatures below 4°K, and this point (at T = 1.64°K)
deviated from the extrapolation of the curve fit applied to
the other higher temperature data. In the mid 1950’s, more
comprehensive experimental helium  viscosity data were
published for temperatures in the range of 1.3° to 4°K 78
these data are shown in Fig. 1, where viscosity is plotted
as a function of temperature. Also shown in Fig, 1 are
the empirically based predictions of Keesom? and Keyes?;
both predictions are observed to overestimate the experi-
mental viscosity data. In 1956, Keller® presented calcu-
lations of helium (He*) viscosity, based on quantum-
mechanical theory of transport phenomena, for temper-
atures from 0 to 40°K. Keller found that the second-
order approximation for viscosity, as calculated by using
quantal collision integrals based on the Lennard Jones (12-6)
intermolecular potential, was in good agreement with the
available experimental data at these low temperatures.
However, Keller presents his low-temperature results with
some reservations, stating they are qualitative only. A
somewhat more extensive theoretical study of helium trans-
port properties, at the low temperatures of interest, was per-
formed more recently by Monchick et al.'’. The quan-
tal collision integrals of Ref. 11 also were based on the
Lennard Jones (12-6) potential, and the calculated viscosity
was observed to be in close agreement with that of Keller.
Values of the second-order approximation for viscosity, as
determined from the quantal collision integrals tabulated
in Ref. 11, are shown in Fig. 1. The greater accuracy pro-
vided by these calculations based on quantum-mechanical
theory, in comparison to the empirically based predictions,
is clearly evident at temperatures below 4°K.

Because of the complexity associated with the calculation
of collision integrals, curve fits have been applied to viscosity
calculations (based on the collision integrals of Ref. 11) to
obtain relatively simple expressions for viscosity. For tem-
peratures above 8°K, it is recommended that Keesom’s
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Fig. 1 Viscosity of helium at low temperatures.
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Fig. 2 Correction factor for freestream Reynolds number
of helium as a function of temperature.

empirical expression, given by
p = (5,023 X 10-6)70.647 (1a)

be used. (As stated in Ref. 2, this expression is believed to
be accurate to within 19, for temperatures up to 1100°K.)
The expression obtained from curve fitting the viscosity
calculations for temperatures 3.6° to 8°K is

uw = (—1.5691 4+ 3.4167T — 1.0317 X 10~172) X 10~% (1b)
for temperatures 1.2° to 3.6°K is
w = (5.0200 — 3.2241T -+ 2.03087% — 2.2351 X

10717 X 1078 (le)
and for temperatures 0.2° to 1.2°K is

= (2.1630 — 2.6665 X 10T + 1.2054 X 10°T* —
1.8741 X 102T% 4 1.2682 X 102T* — 3.1823 X
1017%) X 107% (1d)

Expressions (1b—d) provide values of viscosity to within 19,
of those calculated using the collision integrals of Ref. 11.

Correction Factor for Reynolds Number

In many instances, the freestream Reynolds number in a
helium wind tunnel has been determined from the ideal-
helium charts of Refs. 3 and 4. The values of Reynolds
number in Refs. 3 and 4 are based on Keesom’s expression for
viscosity and thus are in appreciable error for freestream
static temperatures below about 5°K. To provide a rapid
means of correcting the Reynolds number obtained from Refs.
3 and 4, correction factors Cr.., {ratio of Reynolds number
based on viscosity, calculated by using Egs. (1b-d), to that
based on Keesom’s expression for viscosity [Eq. (1a) 1} were
determined and are shown plotted (and tabulated) in Fig. 2
for a temperature range of 0.6°-8°K. The more accurate
Reynolds number is obtained by simply multiplying the
value of Reynolds number obtained from Ref. 3 or 4 by the
correction factor Ck.,.

Real-Helium Flow Expressions

Since several helium wind tunnels operate at reservoir
conditions where real-helium (compressibility) effects are
significant, it is often desirable to have explicit expressions
for freestream flow parameters that account for these effects.
Such relations have been derived using the simplified method
for determining real-helium hypersonic flow parameters
presented in the appendix of Ref. 5. (In Ref. 5, the virial
form of the equation of state was used to determine real—
helium flow parameters for reservoir pressures to 3600 atm
and temperatures from 300° to 15,000°K.) These relations,
expressed in terms of measured quantities p.a, 71, and pee
are given by

M., = 2.682501/(p;,z/p¢,1)“'“2 fOI:pm/Pt.l Z 2.5 X 1078 (2&)
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Mm = 2.79601/(1);,2/1)5,1)0'335 fOI‘ p;,g/pg,l <
2.5 X 1073 (2b)

Do = (15.5885p,,:Co)/ (M2 + 3)%5 3)
To = BT:.Cs)/M.?+ 3 @

g = 0.833p.M .2 6),

A¥/A = (16M.Cy)/ (M2 + 3)* )

where, from Ref. 5, the correction factors are

C, =1+ pu[(0.5114/7 ;23744 —
(11937 X 10%/T %] = 1 + 1.5833 X 107pss

Cz =1 + pg,l[(1.4538/T¢,11‘3640) -

(1.3801 X 10%/T,,2828)] = 1 4 4.7498 X 107*ps1

03 =1 + pt,l[(0.7901/T,,11~3628) —
(24311 X 10Y/T,,2126)] = 1 + 2.0581 X 107p,,
Cy =14 p:a[(1.7301/T 1 13776) —

(5.3966 X 10%/T,,2827)] = 1 + 4.8359 X 107*p.

[The second form of these correction factors applies for
ambient reservoir temperature (T.; = 295°K)]. The
correction factors Cy and C; are accurate to within 0.2% for
Mach numbers above 20, but C» may be as much as 19, too
large and C; 0.5% too large for Mach numbers between 10
and 20. The correction factor Ci, although not presented
in Ref. 5, was obtained at the same time as the other factors
and has an uncertainty of about 1.5% for all conditions.
(The correction factor C; is independent of Mach number.)
For ideal-helium, C; = Cy = C3 = Cy = 1. The freestream
Reynolds number, per foot, is given by

Re., = 8.7479 X 103(M opw/T o 2ue) (7

where p, is found from Eq. (1). The system of units for the
equations in this note is given in the nomenclature.
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Response of a Circular Elastic Shell
to Moving and Simultaneous Loads

M. J. ForresTAL* AND W. E. ALZHEIMERT
Sandia Laboratories, Albuquerque, N.Mex.

Introduction

UCH of the existing experimental information on the
response of impulsively loaded, re-entry vehicle-type
structures has been obtained by testing with sheet explosives;
e.g., see Ref. 1. For many applications the goal of an im-
pulse simulation is to impart a simultaneously applied, short
duration, pressure pulse to the structure. However, sheet
explosives impart an impulse by means of a short duration,
pressure pulse which travels at the detonation velocity of the
explosive. Thus, rather than providing the desired simul-
taneously applied impulsive load, the structure is loaded by
a traveling, short duration, pressure pulse. The accuracy of
simulating simultaneously applied impulsive loads with
sheet explosives has recently been investigated by Florence?
for beams and by the authors® for ring structures. In these
papers, a comparison is made between the response produced
by traveling forces which represent detonation waves in the
sheet explosive and the response produced by simultaneously
applied impulsive loads. Results presented in Refs. 2 and
3 can be used to evaluate the use of sheet explosives to
simulate simultaneously applied impulsive loads.

In Ref. 3, a formula for the membrane stress in a long,
circular, elastic shell produced by two identical forces,
traveling from 8 = 0 to 8 = =£7/2, is derived. Numerical
results are presented for the membrane stresses produced by
simultaneous, impulsive loads applied over one-half the shell
circumference and two concentrated forces that move from
0 = 0to 80 = ==7/2 at a constant velocity V. Tt is shown in
Fig. 4 of Ref. 3 that both loadings produce nearly the same
response for a cosine distributed impulse and forces whose
magnitude vary as the cosine function. The explosive load-
ing technique modeled in Ref. 3 consists of wrapping vari-
able thickness, sheet explosive one-half way around the
structure and detonating the explosive with an exploding
bridgewire which extends down the length of the cylinder.

In this Note, the accuracy of a similar impulse simulation
technique for structures with circular cross sections is evalu-
ated. Briefly, this method consists of wrapping sheet ex-
plosive one-half way around the structure and detonating
the explosive at § = —m/2. Then the structure is loaded by
a short duration, pressure pulse which travels from 8 = —7/2
to § = +m/2 at a constant velocity V. A detailed explana-
tion of this method is presented by Lindberg in Ref. 4.
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Fig. 1 Geometry of
the problem.
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